Abstract. The paper contains results on the structure of Jordan maps and several kinds of triple maps on standard algebras of unbounded operators in Hilbert spaces. These results are unbounded counterparts to results on algebras of bounded operators obtained by Lu, Molnár and others ([3, 4, [6] [7] [8] [9] [10] ).
Introduction
In the last 15 years there appeared a lot of papers with special structural results concerning mappings between certain classes of operators on Banach or Hilbert spaces. One striking point in the proofs of several of these results is the application of theorems from abstract ring theory. Let us mention two already almost classical results applied at several places. In [5] Martindale showed that every multiplicative bijective mapping from a prime ring containing a nontrivial idempotent onto an arbitrary ring is necessarily additive, and hence it is a ring isomorphism. A result of Herstein [2] (see also [11] ) states that a Jordan homomorphism of an arbitrary ring onto a prime ring of characteristic different from 2 and 3 is a ring homomorphism or a ring antihomomorphism. It turned out that some of the results for algebras of bounded operators are also valid for algebras of unbounded operators on dense domains in Hilbert spaces (see for example [13, 14, 15, 16, 17, 18, 19] ). The proofs use some of the abstract ring theoretical results as well as appropriate adaptions of functional analytical ideas used formerly in the proofs for algebras of bounded operators. The aim of the present paper is to discuss Jordan maps and several kinds of triple maps on algebras of unbounded operators. The considerations were stimulated by the papers of Molnár and others (see for example [6, 8, 9, 10] ) . L. Molnár turned my attention also to the papers of Lu (inspired in their turn by Molnár's results). Let us fix our notions and notation. For a Banach space X let us denote by B(X ) Banach algebra of all bounded operators on X and F (X ) ⊂ B(X ) the ideal of all finite rank operators. An algebra A ⊂ B(X ) is said to be a standard operator algebra if it contains F (X ). The same notions apply if X is a Hilbert space H. Then B(H), F (H) are *-algebras and standard (*-)algebras can be defined alternatively to be subalgebras or *-subalgebras of B(H) containing F (H).
Concerning algebras of unbounded operators we use the following notions (a standard reference for algebras of unbounded operators is [12] ). Let D be a dense linear subspace in a Hilbert space H with scalar product , (which is supposed to be conjugate linear in the first and linear in the second component). The set of linear operators L + (D) = {A : AD ⊂ D, A * D ⊂ D} is a * -algebra with respect to the natural operations and the involution A → A + = A * |D. The graph topology t on D induced by L + (D) is generated by the directed family of semi-
of all finite rank operators on D. Recall that every rank-one operator F ∈ F (H) has the form F = φ ⊗ ψ, i.e. F χ = ψ, χ φ, where φ, ψ, χ ∈ D. Every standard operator algebra (in the bounded as well as in the unbounded case) is prime, that is AAB = {0} implies A = 0 or B = 0. Remark that a standard operator algebra A(D) is dense in L + (D) with respect to the strong operator topology. More exactly, for every
In particular, every standard operator algebra contains a (norm-bounded) approximation of the unit with respect to the strong operator topology (take the net of all ortho-projections from F (D)). We allow the following slight abuse of language and notation. If A ∈ L + (D) is a bounded operator, then we will in general not distinguish A and its closurē A ∈ B(H). So we speak of a unitary operator U ∈ L + (D) meaning thatŪ is a unitary operator in B(H). Some words about the content of the paper. In section 2 we discuss the structure of Jordan maps between standard operator algebras. We use the (mostly algebraic) results of Lu [4] to get essentially the same structural results of these mappings as Molnár [10] . In section 3 we describe the structure of several triple maps on standard operator algebras A(D). The corresponding results in the bounded case are given in [5, 10, 11] . The specific notions and notation will be given in the corresponding sections.
Jordan maps
Let R, R ′ be rings. A mapping Φ : R → R ′ is called a Jordan homomorphism if Φ is additive and satisfies
Typical examples of Jordan homomorphisms are ring homomorphisms and ring antihomomorphisms (i.e. additive mappings satifying Φ(AB) = Φ(B)Φ(A)). In algebras one considers besides (2) the equation
Clearly, if Φ is additive then (2) and (3) 
is called a k-Jordan map. Emphasize that no additivity is assumed! Again, additivity of Φ implies that (1) and (4) are equivalent.
In [10] Molnár clarified the structure of 
, where e 2 = 1 − e 1 (A need not have an identity element, so e 2 need not belong to A). ii) if e 2 te 2 xe 2 + e 2 xe s te 2 = 0 for every t ∈ A, then e 2 te 2 = 0. Let k be a fixed nonzero rational number. Suppose that Φ : A → A ′ is a k-Jordan map satisfying iii) Φ(e 1 ae 2 + e s be 1 ) = Φ(e 1 ae 2 ) + Φ(e 2 be 1 ) for all a, b ∈ A. Then Φ is additive.
The proof of this theorem is rather long and a clever application of some decomposition ideas of Martindale [5] . Theorem B is applied to prove Theorem C ( [4] , Theorem 1.6) Let X be a Banach space, dim X > 1, and let A ⊂ B(X ) be a standard operator algebra. Then every k-Jordan map Φ from A onto an arbitrary algebra A ′ over Q is additive. Moreover, Φ is either a ring homomorphism or a ring anti-homomorphism.
The proof of Theorem C is purely algebraic except one step, namely to see that a standard operator algebra satisfies condition ii) in Theorem B. But this follows either directly from algebraic properties of standard operator algebras or from the existence of an approximation of the unit with respect to the strong operator topology. Moreover it is not used that X is a Banach space. So, this proof applies also to standard operator algebras A ⊂ L + (D). The crucial point for getting the counterpart of Theorem A is the structure of ring isomorphisms or ring antiisomorphisms of standard operator algebras on D. But this follows essentially from [16] Theorem 3.1. This theorem as it stands there is applicable only for ring isomorphisms, but a careful inspection of the proof shows that it applies also to antiisomorphisms. For sake of completeness let us formulate the results on the structure of ring isomorphisms and ring antiisomorphisms. 
If T is linear, then it belongs to L + (D).
Proof. From Theorem B and the proof of Theorem C combined with the density of A in L + (D) with respect to the strong operator topology it follows that Φ is additive. Because of k ∈ Q we obtain that Φ is a bijective Jordan homomorphism. By the above mentioned result of Herstein [2] Φ is a ring isomorphism or a ring antiisomorphism. Now Corollary D applies.
Corollary 2.2. Let D ⊂ H be a dense linear subspace such that (D, t) is an (F)-space and let A, B ⊂ L + (D) be standard *-operator algebras on D. Suppose that Φ : A → B is a k-Jordan map and Φ(A + ) = Φ(A) + for all A ∈ A. Then we have the same possibilities as in Theorem 2.1 but T can be taken to be an either unitary or antiunitary operator. If T is a unitary operator, then it belongs to L + (D).
Proof. This follows from [13] or as in [10] , proof of Corollary 2.
Remark: Similar results are valid if we consider maps Φ between standard operator algebras A, B on different domains D 1 , D 2 .
Triple maps
There are many possibilities to define triple maps. We refer for example to the papers [6, 7, 8] .
The following notions were introduced by Lu [3] . 
Φ(k(ABC + CBA)) = k [Φ(A)Φ(B)Φ(C) + Φ(C)Φ(B)Φ(A)] (A, B, C ∈ A).
Clearly, a k-Jordan triple map is a 2k-Jordan semi-triple map.
The main result in Lu [3] reads as follows.
Theorem E([3] , Theorem)
Let X be a Banach space of dimension > 1 and suppose that A is a standard operator algebra on X . Let B be an algebra over Q and k ∈ Q be non-zero. Let Φ : A → B be a bijection satisfying
Then Φ is additive. Moreover Φ is a ring isomorphism or the negative of a ring isomorphism or a ring antiisomorphism or the negative of a ring antiisomorphism.
Corollary( [3] , Corollary) Let X be a Banach space of dimension > 1 and suppose that A is a standard operator algebra on X . Let B be an algebra over Q and k ∈ Q be non-zero. Let Φ : A → B be a bijection satisfying
(B)Φ(C) + Φ(C)Φ(B)Φ(A)] (A, B, C ∈ A).
Then Φ is additive. Moreover, Φ is a ring isomorphism or the negative of a ring isomorphism or a ring antiisomorphism or the negative of a ring antiisomorphism.
The proof of Theorem E is purely algebraic. It is used only that A is a standard operator algebra. Having the additivity of Φ one applies Theorem 3.3 in [1] to conclude that Φ = ±Ψ where Ψ is a ring isomorphism or a ring antiisomorphism. So the whole proof works also for standard operator algebras A ⊂ L + (D). Together with an application of Corollary D we obtain the following theorem. 
Then the assertion of Theorem 3.2 is valid. If additionally Φ(
A + ) = Φ(A) + (A ∈ A) then T can
be taken to be either unitary or antiunitary. If T is linear it belongs to
Remark that the results of Lu imply the results of Molnár [10] . The proofs given by Molnár were mainly functional analytical. 
If T is linear it belongs to L + (D).
Proof. Equation (5) means that Φ is an 1-Jordan semi-triple map. So Theorem 3.2 applies. We show that the possibilities ii) can not occur. Suppose at the contrary that Φ(A) = cT A + T −1 , c ∈ {−1, 1}. Then on the one hand Φ(ABC) = cT (ABC)
On the other hand due to (5) 
+ for all A, B, C ∈ A and in particular F GH = HGF for all F, G, H ∈ F (D) which is obviously a contradiction. Now we consider several triple maps which contain also adjoint operators. This was done in [6, 7] and in a very general form in [8] . In the first two papers the assumptions concerning Φ include now linearity. We give two unbounded versions of such results. Because of the linearity of the maps Φ no assumptions on D are necessary. We start with a theorem which is the unbounded counterpart of Proposition 1 in [6] . Proof. We apply Theorem 3.1 in [14] . If we define the triple product (A, B, C) → AB + C, then A equipped with this product is a ternary ring of unbounded operators and equation (6) means that the pair (Φ, Φ) is an automorphism pair. By Theorem 3.1 of [14] there are bijective linear operators U, V ∈ L + (D) such that Φ(A) = UAV, and Φ(A) = (
This implies that U, V are unitary operators.
The next Theorem is the unbounded version of Theorem 3 in [7] . 
Then there are either unitary operators U, V ∈ L + (D) such that
or there are antiunitary operators
Proof. Because the proof is almost the same as in [7] we indicate only the main steps. First, Φ presereves rank-one operators in both directions, i.e. F ∈ F has rank one if and only if Φ(F ) ∈ F has rank one.This follows because F ( = 0) has rank one if and only if F B + F is a scalar multiple of F for all B ∈ A(D). By Proposition 2.2 in [13] either there are bijective linear operators S, T : D → D such that
or there are bijective conjugate linear operators
Suppose that Φ is of form (7) (the other case is treated similarly). Using equation
This leads finally to
with some constant λ. So, T is a multiple of an isometry. The same is true for S. Equation (9) shows that one may suppose that these multiples are equal to one. This and the bijectivity of S, T imply that U := S, V := T + are unitary operators from L + (D) and
To get Φ(A) = UAV for all A ∈ A(D) is almost standard. Namely, let A ∈ A(D), F ∈ F (D) be arbitrary. Then
. This finally gives the desired result.
Remark that Theorem 3.5. can also be obtained as a immediate corollary to Theorem 3.6 below. It is easy to see that under the assumptions of Theorem 3.5. the second possibility of the form of Φ described in Theorem 3.6. can not occur (see the proof of Corollary 3.4).
Finally let us mention a very general result from [8] . In Theorem 5 of that paper it is proved that every bijective Φ which satisfies an n-variable *-identity is in fact an additive triple automorphism of the form (6) . The proof is a long chain of clever algebraic calculations (not using that the operators involved are bounded). These calculations give the additivity of Φ and end with the conclusion that Φ preserves orthogonality in both directions. This means A * B = AB * = 0 if and only if Φ(A) * Φ(B) = Φ(A)Φ(B) * = 0. Since in the same paper (Theorem 4) the structure of orthogonality preserving mappings is described the result follows. Let us formulate the unbounded version of Theorem 5 from [8] . Proof. The proof up to the conclusion that Φ is additive and preserves orthogonality in both directions is exactly the same as in [8] . Then one applies Theorem 3.1. from [19] describing the structure of bijective additive mappings preserving orthogonality in both directions. This concludes the proof.
